Let P be a poset. A subset A of P is a k-family i A contains no (k+1)-element chain. For i 1, let A i be the set of elements of A at depth i?1 in A. The k-families of P can be ordered by de ning A B i for all i, A i is included in the order ideal generated by B i . This paper examines minimal r-element k-families, de ned as k-families A such that A = r and for every B < A, B < r. Minimal k-families are related to maximal r-antichains and an operation called Sperner closure which have been used to obtain extremal results for families of sets with width restrictions. Let M k;r be the set of minimal r-element k-families and let M k = S r 0 M k;r . It is shown that M k is a join-subsemilattice of the lattice A k of k-families. M k is a lower semimodular lattice where the r'th rank is given by M k;r . If w k is the 1 maximum size of a k-family, then M k;r
The notion of a k-family was rst used in the study of Sperner properties of the family of all subsets of an n-set (Erd} os 4] ). The k-families of a poset are now well established objects in Sperner theory and the theory of nite sets. An overview of k-families and their applications can be found in West 10] and Anderson 1] . The k-families of a poset are natural generalizations of antichains. Many of the well-known properties of antichains generalize naturally to k-families. This includes Dilworth's theorem on the minimum number of chains in a chain decomposition and the fact that the maximum-size antichains form a distributive sublattice of the lattice of antichains (Greene and Kleitman 5] ).
The maximal elements and the minimal elements of P are called the extreme elements of P. Extreme k-families are a generalization of the extreme elements of P. The minimal r-k-families of P are the r-element k-families A of P such that B < A implies B < r. The maximal r-k-families of P are the minimal r-k-families of the dual order of P. A minimal (maximal) -k-family is a minimal (maximal) r-k-family for some r. Since the 1-families of P are the antichains of P, the expression \1-family" can be replaced by \antichain". For example, a minimal r-1-family is a minimal r-antichain. An extreme r-k-family is either a minimal or a maximal r-k-family. Thus the extreme 1-antichains of P correspond to the extreme elements of P. Results about minimal -k-families apply to maximal -k-families by duality.
The study of extreme k-families is motivated in part by the following recent extremal result 7]: If F is a family of subsets of an n-set such that for every x, the width of fU 2 F j x 2 Ug is at most k ( a locally k-wide family of sets), then F (2k) k?1 n. This result is proved by using the properties of maximal -antichains and a derived closure operation called the Sperner closure.
The Sperner closure of a set D relative to a family of sets F is the intersection of the members of the maximum Sperner antichain of fU 2 F j D Ug. Note that the maximum Sperner antichain is the minimum member of the maximal -antichains (Theorem 2.2).
In Sections 2, 3 and 4 the basic properties of extreme -antichains are described, proved and generalized to extreme -k-families. The techniques used are extensions of the counting method used by Freese 3] and extended by Greene and Kleitman 5] to show that the maximum-size (or Sperner) k-families form a sublattice of the lattice of k-families. The generalizations to k-families make use of the correspondence between k-families of P and antichains of P k] (Saks 9] ).
Statement of Results
Let A k be the set of k-families of P. Let Let C be the class of lattices which are isomorphic to lattices of minimal -k-families. The lattices in C have not been characterized lattice-theoretically.
They are in general neither modular nor dually geometric. For example, consider the poset given in Figure 2 . Its lattice L of minimal -antichains is shown in Figure 3 . L is not coatomic and contains the pentagon ffgg; fa; bg; fc;dg; fe; c; dg; fa;b; c; dgg. The properties stated in Theorem 2.2 and Theorem 2.3 do not yield su cient conditions for a lattice to be in C. For example, if the lattice of minimal -antichains has height n and has n atoms, then there must be n distinct minimal elements. This implies that the minimal -antichains are the subsets of the minimal elements, so that they form a Boolean lattice.
Let k] denote the k-element chain f1; 2; : : :; kg. The poset P k] consists of all pairs hx; ii with x 2 P and i 2 k]. The order of P k] is de ned by hx; ii hy; ji i x y and i j. Since A4B C, C r ? 1. Since C < A, C = r ? 1 Proof. Let C 1 : : : C w 1 be a disjoint chain decomposition of P (using Dil- Lemma 3.9 Let E, F and G be antichains with E G and E F E \ G).
Then G F + D(E).
Proof. The assumptions imply that G (E n F) is an antichain below E. Therefore G (E n F) E + D(E). Since the union on the left-hand side is disjoint we get
The result follows. 
Proof. We have (A_B) i = max(A i B i ) and (A)_ (B) = max( (A) (B)).
It su ces to show that hx; ii is maximal in (A) (B) i x is maximal in A i B i . If hx; ii is maximal in (A) (B), then there is no y 2 A i B i such that x < y. Therefore x is maximal in A i B i . For the converse, suppose that x is maximal in A i B i . To obtain a contradiction, assume that hx; ii < hy; ji for some hy; ji 2 (A) (B). Then y 2 A j B j , x y and i j. The maximality assumption on x implies that i < j. The properties of the standard decomposition of k-families imply that y z for some z 2 A i B i . But this contradicts maximality of x. It follows that hx; ii is maximal in (A) (B) . 
